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opf bifurcation and symmetry: travelling and standing waves on the circl

LA, van Gils

BSTRACT

In this paper we consider Hopf bifurcation in the presence of 0(2)
ymmetry. The reaction diffusion equation u = DuXx + f(u,u) provided wit
eriodic boundary conditions may serve as a model problem. We prove the
ifurcation of atorus of standing waves and two circles of travelling wav
ind we compute the stability (with asymptotic phase) of these periodic
iolutions, giving explicit formulas. Finally we demonstrate how a small

serturbation which breaks part of the symmetry leads to secondary bifurc:

(EY WORDS & PHRASES: Hopf bifurcation, symmetry, secondary bifurcation,
travelling waves, standing waves, stability

*) This report will be submitted for publication elsewhere.







. INTRODUCTION

In this paper we study the Hopf bifurcation to periodic orbits at
wltiple eigenvalues, where the multiplicity is caused by the presence of
;jymmetry, and we investigate the effect of a perturbation which breaks part
»f the symmetry.

We are motivated by the system of reaction diffusion equations

, n
‘1.1) u, = D(u)uXx + f(uou) xe R, pne R, u(t,x) ¢ R,

yrovided with the periodicity conditions:

u(t,0) = u(t,2m)

(1.2) :
ux(t,O) = ux(t,ZW).

Due to the periodic boundary conditions, the equations are rotationally
symmetric: if u(t,x) is a solution, then also u(t,x+£) is a solution.
Furthermore, reflection symmetry is present; together with u(t,x) also
1(t,-x) is a solution. These symmetries occurs in many different situations.
For instance this is the case in the Couette-Taylor problem, describing the
flow of a viscous incompressible fluid filling the space between two concen-
tric cylinders. Independently this has been studied by Iooss [17]. Also
the laser equations studied by Peplowski [24] exhibit these symmetries. Our
methods are only grounded on the presence of the symmetry groups and
therefore similarly apply to all the equations mentioned above.

We will frequently encounter standing and travelling wave solutionms.
The existence of these type solutions for (1.1) has been proved by
Herschkowitz-Kaufman and Erneux [14,15]. See also Auchmuty [1], Fife [91].

Hopf bifurcation at multiple eigenvalues has been studied ingeneral
by KielhSfer [20]. Here the symmetry yields an (at least) four dimensional
invariant subspace for the linearization at a Hopf point. Among the elements
of this subspace one can distinguish between travelling waves (e.g.

Clsin(kx-mt) - Czcos(kx-wt); CI,QZ € ]Rn) and standing waves (e.g.
2

sin kx(Clcos wt-czsin wt) 3 Cl,c € IRn). As the multiplicity is due to

symmetry there is more hope to get a complete picture of the bifurcations




han in the general case. We utilize the group theoretic methods of Sattinger
25,261, Vanderbouwhede [28] to analyse the bifurcation equations, which

e derive in the same spirit as Crandall & Rabinowitz [8] do in the case of
opf bifurcation of simple eigenvalues. See also the contribution of Othmer
n [11].

Keener [19] showed that there is an intimate relation between secondary
ifurcation and multiple eigenvalues. In [7], Cowan and Ermentrout show
ow secondary bifurcation occurs when several pairs of complex conjugate
igenvalues of multiplicity two (due to the same symmetries!) cross the
maginary axis almost simultaneously. Here we will split one pair of multiple
igenvalues by adding to the r.h.s. of (1.1) a term ng(u,u,ux), 0<n<« 1,
hich breaks the reflection symmetry. To this equation we will refer as the
erturbed one; (1.1) is the unperturbed equation (n=0).

We will show that under certain assumptions on f (which are generically
atisfied) the only time-periodic solutions of (1.1)-(1.2) in a neighbourhood
f the zero solution (f(u,0)=0) are an invariant torus of standing waves
nd two invariant circles of travelling waves. Two possibilities exist:

i) the travelling and standing waves bifurcate at the same side (either
subcritical or supercritical),

ii) the travelling waves bifurcate to one side and the standing waves to
the other.

f the remaining eigenvalues of the linearized equation lie in the left

alf plane then (generically) in case (i) one of the wave types is stable

nd the other is unstable. In case (ii) both types are unstable. These

acts complete results of Bajaj [2] and confirm results obtained independent-

y by Peplowski [24]. The stability depends on the direction in which the

igenvalues cross the imaginary axis and the relative size of two numbers

2 and cz), confirming a conjecture of Sattinger [25].

For the perturbed equation we show the possibility for a complex pair
f characteristic multipliers of the travelling wave solutions to enter or
> escape the unit circle. This leads either to the secondary bifurcation
f an attractive invariant torus or to the stabilization of travelling wave
>lutions. What will happen depends on the relative size of four numbers.

The paper is organized as follows. In section 2 we state the o.d.e.

1ich is obtained after reduction to the center manifold and choose suitable




oordinates. We analyse the bifurcation equations and describe the periodic
olutions of the unperturbed equation (n=0). In section 3 we describe the
ynamics on ﬁhecenternmnifold by averaging the equations. Section 4 deals
ith the perturbed equation (n#0). In the first appendix, section 5, we
ompute all relevant Floquet exponents and in the second appendix, section
, we make some comments about the reduction of (1.1)-(1.2) to the center
anifold and we give formulas for c

he r.h.s. of . (1.1).

1 and Cy (mentioned above) in terms of

. THE ORDINARY DIFFERENTIAL EQUATION ON THE CENTER MANIFOLD

The equation we consider is

A~

n
d_}é = G(n,u,y) n,ue Ry ye R,

2.1)
ind we make the following hypotheses:
L, Ge c’, r > 6; G(n,u,0) = 0.

[2 the linear part of the unperturbed vector field (n=0) is given by

o(u) ~w(u) O 0

2.2) A =| e al) 0 0
0 0  a(u) -w()
0 0 w() a(w)

there a(0) = 0, w(0) = 0y # 0. Furthermore we assume that the transversality
:ondition holds: Re a'(0) # O;

[3 let for 6 ¢ [0,2n) M(6) be the rotation matrix

cos® -sinb 0 0
M(8) = sin® cosH 0 0 )
0 0 cosf sinb
0 0 -sinb cosH

le assume that G is covariant with respect to M(6), i.e.,
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.6) L= (0 1),
10

2.7) LH(O,u,z) = H(O,u,Lz).
; a consequence of (2.5) one easily derives

IMMA 2.1. Let in the Taylor series expansion of H' with respect to z

Eg then for i = 1:

0 . .. k= m
;Kmn(n,u) be a nonvanishing coefficient of 2,22,
-£L-m+n=1and for i =2: k-2 -m+n = -1

1e next lemma follows from (2.7).

IMMA 2.2. Let Aiﬂmn be as in the previous lemma. Then

1 2
Akﬂmn(o’U) B Amnki’,(o’u)'

After these prelimemaries concerning the symmetry conditions we proceed
ying the quite standard preparations to apply the method of Liapunov Schmidt.
1 the following 2ww—1 will be the unknown period of the periodic solution,

» write s = wt and look for 2m-periodic solutions of

.’..8) (D%%‘= H(H,U,Z)-

:t X be the space of continuously differentiable 2m-periodic functions from

. 2 . .
into € provided with the supremum norm

lul = sup IEESEl' + s |
X sup u(s)|.
se[0,2m) ds se[0,2m) |

.t Z be the space of continuous 2m-periodic functions from R into ¢~ provided

.th the supremum norm

"uﬂY = sup |u(s)].
se[0,2m)

:t Bz be the linear part of H at p =0 and n = 0, i.e.

:fine J[O: X > Z by
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1) [/eig 0\ (7
2N ] - 1\ eia/( )]

2 Z2
n the hand also T defines a two dimensional complex representation of
0(2) o JIO):
z eie 0 z
1l _ I/ (°1)
L T T NPTy AV &
- 2 2
hese o tions immediately lead to the following
EMMA 2 ere 1s in N(JIO) a one-to-one correspondence between
[21] | + Izzl2 # 0; Z152, € C} and {e S(&)T () (sin<x¢1-+c05(x¢2)|
62]R+ a € [0,%], £,6 e [0,2m)}.
Le the projection of X onto N(JZO) defined by
= [u,¢1]¢1 + [u,¢2]¢2.
y the ormula we extend the action of P to elements of Z. This extension
e will denote by P. Then u € RCIO) iff Pu = 0. Without loosing
eneral onfert [5, section 5.5]) we look for solutions u of equation
2.9) o form
= e(sin(x¢1 + COS(x¢2 + %), Py =0.
commu th Jff Therefore the equation (2.9) is equivalent to the pair
f equa
2.12a) ) EX * (I—P)F(n,u,w,e(sinwx¢1-FCOS(x¢2‘*X)) =0,
2.12b) (n,u,w,e(sino ¢1+-coscx¢2-+x)) = 0.
.s.Io isomorphism of N(P) onto R(pr we first solve equation (2.12a).

'e devi e and look for solutions of the equation F = 0, where




x+—é-J[61(I-P)F(n,u,w,€(sina¢1+cosa¢2+x)) e#0
F(ﬂ,u,w,s,asx) = -1

X+J[O (I—P)Fu(n,u,w,O)(sinacbl+cosa¢2+x)) e=0
y  Fect !, (i) F(0,0,0,0,0,0) = 05 (iii) F (0,0,uy,

application of the Implicit Function Theorem (I.F.T.) and some standard

0,0.,0) = Id. Therefore
guments vield

EOREM 2.4. There exist positive numbers ;,;,J,Z and a Cr—1 function X*
fined on A = {(n,u,0,e,0) € B| Inl < 7, lul < ¥, lo-ugl < @, lel < &,
€ [O,gﬂ} which takes values in N(P) < Z such that (i) X*(O,O,wo,O,a) = 03
i) 9xx/oe (O,O,wO,O,a) = 0; (iii) F(n,u,e,a,x*(n,u,e,u)) = 0. Moreover

is solution is unique in a small neighbourhood of the origin in A x N(P).
We summarize the foregoing in:

EOREM 2.5. There exists a positive number T, such that 1f u satisfies

.9) and 0 < lul < T, then the there exist unique 0,& (depending onu) and
S, Usw,e,0) € N such that u = eF(e)S(E)(sin<x¢1-+cos<x¢2-+x*(n,u,w,e,a))
d

[13)  PF(n,uu,e(sinady +cosa b, + i (n,u,0,e,a))) = 0.

rthermore i1f (n,u,w,e,0) € N satisfies (2.13) then for all 0,& e [0,2m)
8)S(&)u Zs a solution of equation (2.9).

PF = 0 iff K = (Kl,Kz)T = 0 where K' = [F,¢i] for i€ {1,2}. In the

llowing we will look for zero's of the so-called bifurcation equations:
.14) K(n,u,w,e,a) = 0.

As it has been remarked for instance by Vanderbouwhede [28], in general
e bifurcation equations obtained by the Liapunov-Schmidt reduction inherite
e symmetry properties of the original equation, provided that the projection
erators used in the reduction procedure commute with the symmetry operators,

ich is the case here. We work this out for the mapping K.




2.6,
i) LK(n=0,u,w,c,0)

é

m
K(n=0,u,w,e,§-—a)
0

.. 1 :

ii) K (n,u,w,e,0=0)
cos 2

iii) K Ohu,w,e,u=g) = 0.

ROOF.

i) It suffices to prove that Kl(n=0,u,w,e,a) = Kz(n=0,u,w,€;%—a).
K](n=0,u3m,a,a) = [F(n=0,u,w,e(sincx¢l-Fcoscx¢2-Px*(n=0,u,w,a,a)),¢l] =
[LF(n=0,u,w,€(sinxx¢1-Fcoscx¢2-Fx*(n=0,u,w,e,u)),L¢1] =
[F(n=0,u,w,e(sin«x¢2-+coscx¢1-+Lx*(n=0,u,m,e,a)),¢2]. L commutes with
X . and P. If we apply L to equation (2.12a) then from the uniqueness

0
of x* we derive that Ly (n=0,u,0,e,0) = x*(n=0,u,m,e,gﬂ-u). This proves
(1).
ii) Let a = 0. Define a projection operator Q of Z into itself by the formula
2T
1
2.15) Qu = o J' S(e)r(e)u de
0

Q commutes with P and F, Q¢, = ¢2, Q, = 0 and [Qu,v] = [u,Qv]. If
x* satisfies (2.12a) then also Qx* satisfies this equation because
o = 0. Therefore x* = Qx*. Hence

Kl(n,u,w,e,a=0) = [F(n,u,m,e¢2-+X*(n,u,w,s,a=0)),¢l] =

[QF (n,u,w,86, + X (n,1,0,€,0=0)) ,¢,]
[F(n,u,w,s¢2-+X*(n,u,w,s,a=0)),Q¢1] = 0.

iii) follows combining (i) and (ii). 0O

EMARK. We have used the fact that s(—e)r(e)¢l = ¢1 and S(B)P(6)¢2 = ¢2.

leturning to the reaction diffusion equation (1.1)we see that.S(6) corresponds
‘0 a translation in the time variable, whereas I'(08) corresponds to a transla-
ion in the space variable. Therefore we will call ¢1 and ¢ travelling wave

jolutions.

EMMA 2.7. Denote the first terms in the Taylor series of H as follows:

1 . 2 2 2
H (n,u,z) = (1w04-au4-b]n)z]4-clzllz1] i-czzllzzl + 422,

2 - 2 - - =2 (1)
+ c4‘Z11 224-c5]z21 zy*+Cp 2, z24-h.o.t. R
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sin o + C € COS O + h.o.
;a{l(w—wo) +au+b,n+
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cos a-+c2€ sin a+h.o.t.

Inf + lw-wol) + (ful + InD)
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The remainder of this section is devoted to the analysis of the points
here K vanishes for the unperturbed equation (n=0). The stability of the
orresponding periodic solutions shall be determined by evaluating the Floquet

xponents. We discuss the perturbed equation (n#0) in section 4.

HEOREM 2.8. Let n = 0. Suppose that

i) Re a >0,

ii) Re c < 0,

iii) Re (clicz) #0,

iv) Re c, # 0.

hen the only possible values of o at points in a neighbourhood of (u,w,e) =
O,wO,O) where K vanishes ore o = 0, o = %3 a = %u There exists € positive

uch that for o e {0,m/2}, 0 < € < € there exist unique u = u(e), w = w(e)

uch that R(M=0, u(e), w(e), €,a€{0,7/2}) = 0, and for a = n/4, 0 < e < €

here exist unique u = u(e), w = w(e) such that k(n=0, n(e), w(e), e,a=n/4) =0.

oreover
-Re ¢
_ 1 2 3
u(e) = TRe a °© + 0(e7),
_ -Re(c,+c,)
u(e) = 1 = €2 + 0(53).

Re a

'ROOF. Define & esina and p = ecosa. At n = 0 we write (2.16) as

JE.g (1,w,E,p)
1D-g(u,w,0,€) =

£ £ =0 (a=0) we must solve (if €#0) the equation

g(u,w,p,O) = 0.

et p2 =r and f(p,w,r) = g(y,w,p,0). The real part of f does not depend
m w. By the IFT we obtain r = r(u) such that Re f(u,w,r(u)) = 0. The
maginary part of f is linear in w, and we obtain w as a function of u such
hat Im £(u,w(p),r(p)) = 0. Finally as Re a # 0 we can also write u as a
‘unction of e, and the expansion above follows easily. The case p = 0
‘a=m/2) goes similarlyé exchanging the roles of p and n. If £ # 0 and p # 0

and pz = r, and

.et gz = r2 2

1




‘ _ (g(u,0,8,0))
F(Usw’rl’rz) = \g(u’w,p’g)}°

e real part of F does not depend on w. Re F(0,0,0,0) = 0 and
/Re cy Re CZ\\

Drl,rzRe F(O,w,0,0) \Re ., Reel} .
Re(c%-—cé) # 0 we obtain r, = rl(u) and r, = rz(u) such that
F(ﬁ,w,rl(u),rz(u)) = 0. We can also solve the equation 0 = H(u,r) =
F(u,w,r,r) and obtain r as a function of u. By the uniques part of the
T we conclude that r](u) = rz(u). Consequently Im F(u,m,rl(u),rl(u)) =0
duces to a single equation, linear in w, and we obtain w as a function of

Also here we obtain p as a function of € because Re a # 0.

MARK 1. The periodic solutions which bifurcate from the p,E-axis are invariant
der S(0)T(6), S(B)T(-6) respectively. Therefore we will call these solutions
avelling wave solutions. Compare the remark below Lemma 2.6. The periodic

lutions which bifurcate from the diagonal are invariant under L. These are the

anding wave solutionms.

MARK 2. With each travelling wave solution u corresponds a circle of
lutions S(&)u, 0 < & < 2m. With each standing wave solution corresponds

torus of solutions S(g)T(6)u, 0 < £,6 < 2,

..... torus with standing

P N waves
Vd N . .
s (u), \u circle with travel-
// \\ ling waves
/ \
\
J u(s) \ u
, \
\
, uls) ,yu e
+
Re(c] CZ) <0 Re(c1+c2) >0

u: unstable; s: stable

figure 1.

MARK 3, The first two assumptions replace without loss of generality:
a#o0, Rec1 # 0.
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In the next theorem we give asymptotic expressions for the four charac-
eristic multipliers of the periodic solutions. It is obvious that two of

hem are zero for the standing wave solutions (a=m/4). Both

r(®)u(e) (s)-u(e) (s)

s » lim

6-0 o ’
nd
o 1in S ()-u(E) (5)
£0 :

re independent 2n-periodic solutions of the linearized equation. For the
ravelling wave solutions (a=0, a=%) those two solutions are not independent.
enerically only one characteristic multiplier will be equal to zero. In
ection 3 we will use this theoremto give a complete description of the dynamics
n the center manifold. The proof of this theorem is straightforward but
engthy. We closely follow Crandall & Rabinowitz [8]. The proof is postponed

o appendix 1 (section 5).

'HEOREM 2.9. For o = w/4, the two non trivial characteristic exponents are
ven by:
K, = Re(c1+c2)e2 + 0(83)
K, = Re(c]—cz)e2 +'0(s3)

or o € {O,%J, the three non trivial characteristic exponents are given by:

| = 2Rec, 2 4 0D

5 = (Re(cz-cl) + 1 Im(cz—c]))ei + 0(82)
K, = (Re(cz—cl) -1 Im(cz-c]))e + 0(e7).

This result shows that generically the stability is as indicated in
‘igure 1. It also indicates how to construct examples of a diffusive Lotka-
'olterra system with (at least) three species exhibiting stable periodic
'in both time and space) solutions. This would complete results of Kishimoto

217,
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DYNAMICS ON THE CENTER MANIFOLD: THE UNPERTURBED EQUATION

The o.d.e. on the center manifold inherits the symmetry properties of
e original equation. The method of averaging is used to bring the vector
eld by a smooth coordinate transformation, smoothly depending on the
rameters, in a form which is covariant with respect to the linear action
the unperturbed equation at p=0 up to finite order. It is not a priori
vious that by the averaging procedure the symmetry properties which are
ready present do not disappear. Fortunately this is not the case as we
all prove later on.
The symmetry which is present from the beginning reduces the complexity
the normal forms. If one could justify the averaging up to all order
en one would obtain the bifurcation function as the r.h.s. of the differen-
al equation.
First we deal with the unperturbed equation (n=0) and start the averaging
ocedure with the equation (compare Lemma 2.7)
= (iw.+tap)z, + c.z, |z |2 + c,z. |z 12 + c 22
0 1 17171 271° 72 371

Ne
|

&)

+ c4|z]l2 ;2 + c51z2|2 22 + C6EIE§ + h.o.t.
D <é2 = (im0+au)z2 + QIZZIZZIZ + c222l2112 + c32§z]
|+ c4]zzl2 ;] + cslzll2 21 + C6222% + h.o.t.,
ere

heo.t. € OClul Iz b+12y1)” + 1ul? (2, 1+12,1) + (U2,1+12,17).

T convenience we will write equation (3.1) as

.2) z = (1 +3.(”—))Bz + H,(z) + h.o.t.,
iw 3
0
e subindex indicating the degree of the homogeneous polynomial in Z1s El’
, 22.

If we apply the smooth near identity transformation
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z = £+ K(E), K(E) e o(lEl®)

en in the new coordinates £ the equation

F(z)

z
ansforms to

"F(E+K(E)) + DK(E+K(E))F(E+K(E)) := F(£).

¢
ere by definition K satisfies
£ =z + K(z).

MMA 3.1. If K Zs covariant with respect to the matrix M, <.e. MK(§) = K(ME),

en the same is true for K.

QOF.
K(Mz) = KM(E+K(E)) = K(ME+R(ME)) =

—K(ME) = -MK(E) = MK(E+K(E)) = MK(z). [

MMA 3.2. If the vector field F is covariant with respect to the matrix M
d the same is true for the coordinate transformation, then also the vector

eld T is covariant with respect to M.

0O0F. It follows from Lemma 3.1, the explicit formula for F above and the
lation MDK(§E) = DK(ME)M. g

Cubic avaraging is based on the fact that a change of variables
z =& + KB(g)’

lere K3 is a homogeneous cubic, can be performed so that the following two

mditions are satisfied

) ﬁ(u,z), the vectorfield after transformation, is equivariant with respect
to r'(e), 0 < 6 < 2m, and L,

1) ﬁ3(z) is equivariant with respect to the matrix exp(Bt), 0 < T < 2m.

le transformation which settles these conditions is given by




2 2= 2
£, + g8 8y + ¢, 18178, + colE, ]

w
.

N
~
——
N N
) —
| ]

fter this transformation we are left with the sy

(iw

Ne
]

2 2
O+au)z] + clz]]zll + czzllzzl
3.3)

N
I

. 2 2
5 (1wo+au)z2 + clzzlzzl + c222lz]|
here

hoo.t e 0Clul(z, 1+12,D >+l * (121412,

e introduce two sets of polar coordinates

2z =r,e !, z = 2
1 1 S I o
1
nd in the r, -r, plane we rescale, with Jul?, i.
ew variables ;] and ;2 defined by
= -
r, = rllul and r, = rzlul .

e again replace ;] and ;2 by r and r, respectiv

3.3) to the new variables, rescaling the time wi

2
r, + Rec2r2)4

fl r (Reasgn{ul+Rec 2

1 171
3.4) 9
2

. 2
i, rz(Reasgn{u}+Rec]r + Reczrl)-l

niformly on compact sets as u ~> 0.
aking the limit for u - 0 we obtain equation (3.
and side is a scaled version of the real part of

runcated at order three (in €).

t. = r (Reasgn{ul+Rec r2+Rec r2
3.5) 1 1 1 ; 2 3
t, = rz(Reasgn{u}+Re clr2+Re c,r).

e assume that the conditions of Theorem 2.8 are

2 2= 2
- El + C3£2g] + C41€2’ gl + CSlgll

f equations
.t.

Jte,

5
412,17

u # 0 we introduce

ranforming equation

yields for p # 0

)

tice that the right

ifurcation function

ied and distinguish




17

n the following three tases

1.'Re(c]+02) < 0, Re(cl—cz) <0
2. Re(cl+c2) < 0, Re(c]-cz) >0
3. Re(cl+c2) >0, Re(cl—cz) < 0.

'h case we also distinguish between u positive and p negative. Fig. 2

:s the phase portrait of this limit system in each case.

= :
case 1.
v
r———4
case 2.
N
case 3.

fig. 2




n these pictures, the distance from the fixed points to the origin is of
rder 1, thus of the order lu]% in the unscaled coordinates. The geometric
ehaviour of-the flow of the vector field (3.4) is only slightly different.
he r, and-r2 axis are no longer invariant, the diagonal however still is.
he points P and R represent in four space an invariant circle, the point
represents an invariant two torus. From Theorem 2.8 and 2.9 we infer that
here exists for u small enough a fixed but small neighbourhood of P, say
‘s such that U.contains an invariant circle. This invariant circle has a two
imensional unstable and a one dimensional stable manifold. Each point of
he boundary of U which is not on the stable manifold will enter (under the
low) in finite time a neighbourhood V of Q. Depending on the initial
ondition the orbit will approach one of the periodic orbits on the two
orus of periodic orbits which is contained in V. I.e. the torus is
symptotically stable with asymptotic phase [12]. Similar arguments apply

o case 2 and case 3.

. THE PERTURBED EQUATION: THE SECONDARY BIFURCATION OF AN INVARIANT TORUS
FROM THE TRAVELLING WAVE SOLUTIONS

We start to analyze the perturbed equation in great detail assuming

5-H7. At the end of this section we will list all possible situations

eépending on the relative size of Cls Coo b], b2.
5 Re a >0

6 Re ¢, < Re ¢y < 0

7 Re b] < Re b2.

n the bifurcation equations we replace e sina, € coso by £,p respectively.

n Lemma 2.7 we have derived that (see (2.16))

E(i(m—w0)+au+b]n-Fc]Ez-Fczpz-Fh.o.t.) 0

4.1) p(i(w—w0)+au+b2n-+c2€2-+clpz-+h.o.t.) 0

h.o.t. € O(IuI+InI+1m-wOT)(l€I+lpl)2 + (1ul+lnl)2 + (!E!+lol)4).

f we ignore the higher order terms, than the zeros of the real parts of

quation (4.1) are the intersections of the two curves




' {(é,p) e ®’ | E-Ll(u,n)

{(£,0) € B” | p.LyGu,n)

+

Ll(u,n) = Reay + Reb1 n

+

Lz(u,n) = Reayu + Rebzn

rves Ll(u,O) = 0 and Lz(u,O) =
ecting transversally along the
L2 = 0 represents an ellips if
e represented by L] = 0 starts

t to the other ellips at (&,p)

pz ) Re(bl—bz)
_ s
0 Re(c1 cz)
" ReclRebl—RebzRe cy
UO = .

Re a Re(cz—cl)

s illustrated in figure 3.

P
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=0}

0},

Re cl 62 + Re czpz,

2 2
Re ¢, £ + Re c1 o
0 represent for py positive two ellipses
diagonals & = *p. For n positive the
u is larger then -nRe bz/Re a. The
growing at p = -n RebI/Rea and is

= (O,inpo) at py = nﬁo, where

Reb Reb Reb
- —n-—-—(
n Rea Tws T]Rea Rga

A
-y

u<
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‘hese geometric considerations suggest the rescaling
b.b) W= un.

)£ course the results of section 2 concerning the travelling wave solutions,
:orresponding to the intersection of the ellipses with the positive £ and
' axis, are applicable. We omit the details of the calculations except for
‘he results on the characteristic multipliers. That is part of appendix 1.
Je consider ; as a variable and expand n as a function of € (which measures

‘he amplitude of the periodic solution) and ﬁ.

. Reb -~
'HEOREM 4.1. Let I be an interval [i_,i+] such that - 2. i_< Mo

Rea and

w ﬁO' There exist a positive constant € and Cr_l-functions

€, n(e,M); (e,0) = w(e,n); (e,0) = ule,n) defined for 0 < ¢ < & and

. € I which satisfy for all e I:n(,n) = 0; w(0,n) = wy3 u(0,n) = 0 such
hat

J[Ou + F(n,ni,w,u) = 0

[uCe,m),4,] = €5 [ue,d),0,] = 0.

'he characteristic exponents of the periodic solution u(s) are given by

0,2Re01€2 + 0(83);k(€,ﬁ); k(e,)}, where
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ke, = ky(e” + 0D (uniformly for @ € 1),

Rec1

kz(u) = Re(cz-cl) + ﬁETE;IEﬁT Re(bz-bl)-kl{Im(cz—cl) +

Rec1

pansion.of n as a function of e starts at order gz-

n(e,M = ny(Me” + 0(c7)  (uriformly for § e 1),
—Rec1

HZ(U) = m.

'he travelling wave solution described above corresponds to the
jection of L2 = 0 with the positive p-axis. From the above theorem

» that Re(kz(ﬁo)) vanishes and é%-Re(kz(ﬁo)) > 0. This corresponds
rure 3 to the fact that the two ellipses intersect at u = nﬁo and if
low the point of intersection in the first quadrant we find that its
yonent leaves the p—axis with positive speed if p is increased with
've speed. This is the essential information which we exploit in the

:heorem.

™M 4.1. There exist n >0 and a Cr_z-mapping n > 8 m) from [0,n]
R such that ﬁ*(O) = ﬁo; if we fix n in the interval (0,n] and we
o the above mentioned travelling wave solutions corresponding to this

1 varies, then two characteristic exponents cross the imaginary axis with

ive speed 1f {i passes through ﬁ*(n) with positive speed.
. The expansion of n starts with
ne,M = n,(@Pe” + ola-fyllel™ + 1el™),

5 nz(ﬁo) is positive we find that

3
e = /—g— + o(li-fylInl+Inl").

n
nz(uo)
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'his expression we substitute in the expansion of «k:

3
~ ~ A ~ A 12
Re k(,n) = o(i-fj)n + 0(|n!2+!u—u0l Inh,

_ Rea.Re(bz—bl)

Re (b, *afl,) > 0.
lefine ¢y by
ggg<(u,n)’ n >0,
n
[ (ﬁ,n) =

d - _

—a—n—Re K(U,O) n = 0.

y the Implicit Function Theorem we find the mapping ﬁ* as above, satisfying
e K(ﬁ*(n),n) = 0, The %ast part of the theorem follows from the identity

) ~

FRek(fl,n) = pn+o(Inl®). O

OROLLARY 4.2, If Im K(u*(n),n) # 0 then an attractive imvariant torus

ifurcates from the travelling wave solutions as {i passes through ﬁ*(n).

or a proof we refer to Iooss [16] or Langford [22].

EMARK. One usually encounters a non-strongly resonance condition which the
haracteristic multipliers have to satisfy at the bifurcation point. This
ondition is necessary to bring the equations into normal form up to a
ufficient order. Due to the symmetry a lot of terms in the Taylor expansion

re not present and we do not have to impose this condition.

In the remainder of this section we study the dynamical system on the
enter manifold. The remarks we made in the previous section concerning
he averaging procedure carryover to the perturbed equation (n#0). After

inear and cubic overaging we are left with the system of equations

(él (iw0+au+b1n)z1 + clzlizll2 + czzllzzl2 + h.o.t.

]

. 2 2
4.5) z, (1w0+au+b2n)z2 + clzzlzzl + c]zzlzll + h.o.t.

heo.t. € OCCul+In1) Uz 1+12,1)° + (ul+InD) 1z, 1412, 1)
L + Uz 1+1z,1)3) .




Ne introduce two sets of polar coordinates

and in the r, —r, plane we rescale with V/n; i.e. for n > 0 we intr

1 2

variables fl and fz defined by

r1 = rlfr_] and r2 = rz/ﬁ.

and suppress the hats. Again we rescale u with a factor n as in (4
Iransforming equation (4.5) to the new variables and rescaling the

with n yields for n > O0:

T r.(Reail + Reb, + Rec r2+Rec r2)+ o(n)
1 1 1 171 272
(4.6)
2
1

s

2
9 + Re c, r2) + 0(n).

rz(Reau + Reb2 + Reczr

Taking the limit as n - O we obtain the limit system

+ Rec

H
1]

2
252
2

+ Re ¢ rz).

rl(Reaﬁ + Reb1 + Reclr
4.7

—_N = N

= rz(Reau + Reb2 + Reczr

This system has on the r,—axis the fixed point P

2
—Re(aﬁ+b2) ! _
P = (O,E_R'e—é‘;‘——]) = (0,1'2),
Reb
for > - 2
Rea °

The eigenvalues of the linearization around this fixed point are

Re c, Re(bz—bl)

_ =2 _
KI(P) = rZ{Re(c2 Cl) + Re(aﬁ+§) }
(4.8)
-2
XZ(P) = 2r2Re c, -
—Reb2

Therefore the fixed point is stable for < i< ﬁo and unstabl

-9 2 Re a
i >1’IO. Note that at {l = ﬁo, r, =0, (see (4.2)). Now we vary {l ar

The fixed point that bifurcates from the rz—axis we will call R. I

parametrize {I by £ € ]R+ as

23

new




24

=)
|
O‘C
|
Yy
-

‘hen
1
R = (£, (0p*E)%).

’he eigenvalues of the linearization around this fixed point are

X](R) = 2p(2) Rec + 0(52)
49 (Reep*(ecyd ,
A (R) = 2 Rec, E7 + 0(8).
-Re b
finally on the rl—axis we have for {I larger than Re the fixed point
—Re(aﬁ+b1) 1
= R N
Q = ([—g—1%,0),

1

thich is unstable. Figure 4 depicts the phase portrait when u varies from

ralues less then-%l2 to values larger then ﬁo. Figure 5 shows the

rorresponding bifurcation diagram.

V/\/
I / iNG
< T —<
. —Reb2 —Reb2 . A<—Reb1
H Re a Re a Lo Re a
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invariant torus

A ifJES//’

P travelling
wave solutions
on an
invariant
circle
»——<¢
Q Q
-Reb1
< i >1
Re a " u0
ure 4.
stable
-+---- unstable

— £ > 1
)
;ebl R
Re a o
ure 5.

The qua near the zero solution for n small but
positive is ured above. There exist a positive constant
Yy = y(n) suc )

NE < T < Uy ()E
(4.10) A( 9

, < (er(m) (o2eeDr

~
Nl
IN
a]
IA
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remains positively invariant under the flow, so that the invariant torus
lies entirely within the annulus. All solutions starting in a neighbourhood
»f the origin, which do not lie on the unstable manifold of a travelling
7ave solution, are attracted by the invariant torus. Except for a positive
lactor, the real parts of the characteristic multipliers of the travelling
7ave solutions on the rz-axis, are given by A](P)+0(n), AZ(P)+0(n) (see
lormula (4.8)). The corresponding values for the travelling wave solutions
m the rl—axis are obtained by interchanging the roles of b1 and b2.

If instead of H6--H7 the conditions

ié Re ¢, < Re ¢ < 0,
{; Re b2 < Re b],

10ld then the bifurcating torus is unstable and the annulus is negatively
.nvariant. In the next figure we depict the various bifurcations and their
.imit behaviour depending on the real parts of b, b2, Cls Cye The scaling

»f variables is as before. Throughout we assume that Re ¢, < 0 and Re a > 0.

1

I: Re ¢, < Rec., <0
Re b1 < Re b2 0

. u
NI ™ . DN

p

LN i ~
2 .
// attracting
invariant
e “:E; torus
> —< r

figure 6a




T: Re C2 < Re Cl <0

Re b2 < Re b1

p p
: p
A\\{Ll ﬂ%\\
\:]&“ - EE - W |
fied e o
0 A=, I
S stable
travelling
X ave
[ ] .
/ solutions
> “é T
.gure €
e c, > 0
e b1 < Re b2
Ke(c1+c2) <0 . 0
p
L
\ L, : &y \ATJ/
\\\\1 s S
£ i €
L N i
NSl
(>
u R b
o>

ure 6c¢
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IV: Re'c, > 0
Re b, < Re b
Re(c1+c2) > 0

p P
)
¢
A | |
H<u I=U o ~
0 0 uo> g
)
\\\ 7\./‘{
\ ( \s
l\\\ \
o no< i
ire 6d
tchanging the roles of b. Ls dowt ¢thanging &, r, witl

1
:spectively.




, APPENDIX 1.

i Proof of Theorem 2.10.

We introduce for a ¢ [0,7/2] the series expansions with respect to €

>r the solution (u(e),u(e),w(e)) of equation (2.9)

2 3 3
eu, + € u, + € ug + 0(e™),

2 3
wy * ew, +eTw, + o(e™),

2 3
u(e) = WiE + upe + 0(e™).

u(e)
5.1) w(ej

1e parameterization by € has been choosen such that
5.2) [u(s),¢1]=€ sina, [u(e),¢2]=€cos a,

1 agreement with the definition of u above (2.12).

nerefore

[u,,6,] = sin o, (u,,¢,] = cos o
5.3) 1°71 1272 ’

[un,¢i] 0, =n=>=2, 1ie {1,2}.
ollecting terms of order €2 in (2.9), and taking the inner product with

1 and ¢2 yields

is
5.4) U, =w, =0, u, = sin u(e + cos a/ ° \
: 1 1 > 7 N \ is/)*
. e
ollecting the terms of order 83 we obtain
1 3 du,
5.5) J[Ou3 + UZHuz(O)ul + E-HZZZ(O)(UI) - W, g5 = 0,

riting O to indicate n = 0, u = 0 and u = 0. The solvability conditionms

0,
5.6)

]

. . . 2 2
sin a{uza-1w24-31n ac1-+cos<xc2}
0,

. . 2 . 2
sin a{uza-1w24-cos ac1-+51n acz}
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. . . [
¢y and c, are defined in the expansion of H in Lemma 2.7 as the
efficients of uz zllzll2 and zllzzl2 respectively.
The characteristic exponents are the eigenvalues of the equation

W) JIOV + Fu(O,u,w,u)v = Kkv.

e for instance [8]. The Implicit Function Theorem yields the existence c
ur characteristic exponents. Here we compute the first terms in the
pansion with respect to € of the exponents. We distinguish between the

ses o = 7/4 and o € {O;%}.

se 1: a =-% .
th -
I T r@)ule)-ule). [ 2
v (g) = — lim { 5 } = L. is) + 0(e™),
6->0 -ie
d ]
2 _ Y2 . :S(8)u(e)-u(e) /iels\ 2
vi(e) = - éig { 5 } = \ieis/ + 0(e%)
‘e independent solutions of (5.7) with k = 0. Define
5 /eis\
v (g) \eiS/ + P(e),
. eis
v (g) = / \

\ -is/ + p(e),
e
ere
¥(0) = p(0) = [¥,6,1=1[p,9,1=0, ie {1,2].

obtain the other two characteristic exponents we solve the set of

uations

n
o

T(E)V2(e) = y(e)v! (e) = 8(eIv2(e) - k(e)v(e) = A(e)v™ (&)
.8)

I
o

I(e)v'(e) - ple)v! (e) - q(e)v2(e) - t(e)vo () - s (e)v™ (&)
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here by definition I (e)v is the left hand side of (5.7) with u = u(e),
= w(e) and u = u(e). The characteristic exponents are the eigenvalues of

he 4 x 4 real matrix

0 0 0 0 Y
5.9) 0 0 0 0 .
y(e) 8(e) x(e) A(e)

p(e) q(e) r(e) s(e)

e will write y(g) = ey, + szy + 0(83) etc. Collecting the first order
1 2

erms in €, taking the inner product with ¢]‘and ¢2 yields
5.10) Y, = 6, =Kk, =X =p, =q =1, =5 = 0.

he second order terms in € lead to:

5.01) T b, - ey v 0) + upH(OVO(0) + FH, . (0) (u],v°(0))
- YZVI(O) - szz(O) - K2V3(O)-- XZVQ(O) =0
5.12) @ oy = uy oo v (0) + wH (0)v'(0) + B (0) (u},v"(0))

1 .2 3 4
= PyV ) - q,Vv 0) - r,v (0) s,V (0) = 0.
he inner product of the left hand sides of (5.11) and (5.12) with both ¢1
nd ¢, must vanish. By straightforward computation we get:
Yy = A, = O, kK, +18, = ¢, + ¢

5.13) 2

94y = T, = 0, S, + 1p, = ¢, =~ ¢,

'herefore the second order terms of the characteristic exponents are the

igenvalues of the matrix
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0 0 0 0
14) 0 0 0 0
0 Im(c1+c2) Re(c1+c2) 0

Im(cl—cz) 0 0 Re(c]—cz)/

d the result follows.

ise 2: o = g (the case a=0 goes similarly).

. this case vl(e) and vz(e) as defined above are not indepenc

fine

|
-

. 1s
le
vl(g) _ é‘ im {T(G)u(g)—u(e)} _ ( > N O(ez)’

60 0

. 0
2 _ [ \ 2

v (g) \ieiS/ + ¢ (E)’
eis

V(e = ( ) e,
0
0

e = () ¢ e,

lere $J(0) = [¢3,¢ij =0, j e {2,3,4) and i e {1,2}. Along tt
; above we find that the order € terms of the characteristic

. 2 . .
mish and the order € terms are the eigenvalues of the matri

0 0 0 0

0 Re(cz-cl) 0 —Im(cz-cl)
ZImc1 0 2Rec] 0

0 Im(cz-c]) 0 Re(cz—cl)

1d the result follows. [

Ve

> lines

:nts
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[: Characteristic exponents in Theorem 4.1.

epeating the first part of I with a = 0, n = n(e), u = n(e)fl, w = w(e),
. 0 3 .
ind that ng o= w = 0, u(e) = e(eis) + 0(e”) and Nys W,y satisfy

5.15) nz(ﬁa+b2) -iwz + c, = 0.
efine
1 1 r(8)u(e)-u(e) [ 0 2
v (¢) = - — 1lim 5 = \ . ) + 0(e™)
€ 620 je'®
/ieis\
2 2 2.2 3
v (e) = + ep, + €Y, + 0(e7)
\ o/ 1 2
eis
P =)+ a} o
0
0
v4(€) = ( is) + ewlf + ezw; + 0(63)

e
here [w?’¢i] =0 for k € {2,3,4} and i,j € {1,2}.

le solve the equations

. 4 . . . .
5.16) Ile)vi- ZIYJk(E)Vk(s) =0, YJk(E) = €YJk + ezYJzk + 0(83),

k=

There now
I (e) = I, + Fu(n(E),n(e)ﬁ,w(E),u(e))-

\t order ¢ we find

'5.17) y}k =4l =0 j e (2,3,4) and k € {1,2,3,4).

\t order 82, taking the innerproduct of (5.16) with ¢1 and ¢2 leads to the

solvability conditions
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.18)

we Co

rmula

the re




» APPENDIX 2: REDUCTION TO THE CENTER MANIFOLD

We write'(l.l)—(l.Z) as an abstract Cauchy problem. Let X be t
fE 2m-periodic continuous functions of IR into R". We characterize

derator A by
5.1) D) = {ueX|uce CZ(IR;IRn) & u' e X},

5.2) Au = u_ .
XX

a2t D(u) be the diagonal matrix (dl(u),...,dn(u)), di > 0. The subs

serator F: R x X into X is defined by
5.3) F(u,u) (x) = £(p,u(x)).

juivalently to (1.1)-(1.2) we consider

%% = D(u)Au + F(u,u)
5.4)
uO e X.

t is not hard to see that D(u)A is the generator of a contracting
eamigroup. See [3, p. 59] or the discussion below.

By direct computation we derive that
Au-D(pWA=h (heX, A>0)

. i : . . . .
nplies that u~, the i-th component of u, is the 2m-periodic functio

iven by

. /d. -2mxvVA/d. 27 _ Y
5.5) ut(x) = —4-; {L—————i J o (mOVMAL p ey gy
_e—ZﬂVA/di

1 0

2nxvA/d. 2w
. & r f e—TVA/d'

1 h(t)dr
eZWVA/di

1- 0

2w

N J o1 2mx=T1V2/d; h(r)dr}, 0 < x < 2m,

0




36

is shows that indeed D(p)A satisfies the conditions of the Hille-Yosida
eorem [3]. The mapping F is as smooth asf. Fu(u,O) is bounded linear

erator, therefore
.6) L(u) = D(WA + Fu(u,o)

the generator of an analytic semigroup [18]. The equations (6.1) define
dynamical system. By definition S(t)uo, t 2 0, will denote the solution

t) that starts at u.. The complex number A is an eigenvalue of L(u) iff

0
ere exists k € IN u {0} such that det (—kZD(u) + Fu(u,O)—XI) = 0. Let by

finition for k ¢ IN u {0}
.7) EG) = (A ¢ €] det (<k’D(W+F, (1,0)-AD) = 0},

We make the following hypothesis on the linearized equations:

ere exist k. > 0, wg > 0, oy € R,a,6>0, ¢ = Cl + i§2 € ¢n such that

0
) E(ky) - {iwg,-iwgl = (X e € | Re A < -0}
> E(k) < {A e €C|Re A < =0}, k # kg 1u—u0| <8
D) —kéD(uO) + Fu(uo,‘)—inI has a one dimensional generalized

nullspace spanned by {z}.

t span{z*} be the generalized nulspace of —kéD(uO) + FZ(UO,') + imoI,

rmalized such that <C,§*>q:n =1 =1 - <C’E*>Gn and define

1k0x —1k0x
v, = e z3 v, = e C
.8) o 2 .
* 1k0x * % —1k0x %
Vz = e [ V2 = e c .

'om the hypotheses it follows that the generalized nullspace of
.(uo)—iwo) is two dimensional and spanned by {VI’VZ}' In X we use the

merproduct < , > = Sesevy defined by

27
U, V> =-£; { u(x) .v(x)dx.
0

1e projection operator P of X onto Xy = N(L(uo)—imo)$N(L(u0)+iw0) along




37

(L(uo)—iwo)nR(L(uO)+iwo) is given by

. *
6.9) Pu = <u,v. >v

*
el + <u,v,>v, + c.c.

22
he center manifold theorem states the following

HEOREM 6.1. There exist positive constants K, 8, r, €, Y and a mapping C

om N = {u| lu—uol < 8} % X0 into X such that

i) ImC s tangent to X, at 0, Z.e., C(u,0) = 0; D¢C(0,0)w =¥, ¥ € X,

ii) ImC Zs local-invariant, i.e., i1f ¢ € XO satisfies ¢l < r and for
0<t<tls@)el < r then C(u,PS(t)d) = S(t)d,

iii) Im C <8 conditional-attractive, Z.e., 1f for 0 < 1T < t "S(r)uoﬂ < r then

Is(t)uy - S(EIC(u,Pul = ke YE,

We do not give a proof of this theorem, but we mention Carr [4], Henry [13]
‘how and Hale [6] and the references given there. Here we only show that
‘hen center manifold inherits the symmetry properties of the equations
1.1)-(1.2).

The center manifold is defined as the image of the mapping C:

C(u,¢) = u(u,9)(0)

there u € A, ¢ € XO and u satisfies the integral equation

1(s) = e

L(ug)s T L(uy) (s=1)
¢ + ] e (I—P){(L(u)-L(uo))u(T)

o]

+ Flu,u() - F (u,0)u(n) Mr

Llug) (s=1)

+ e PL(LOW-L(uy))ult) +F(u,u(n)) - F (u,0)u(r) Hr.

Ot-—n o )

'he ~ means that we modify the nonlinearity outside a ball of radius r. Let
: R, > IR be a C -function such that (i) &(y) =1 for 0 <y < 1; (ii)

< &g(y) <1 for 1 <y < 2;¢(y) =0 for y 2 2, For some positive parameter
» which is in the construction choosen small enough to satisfy suitable
ounds we consider

Flu,u) - gu(“’o)u = (F(u,U)-'Fu(u,O)u)Ed%go.
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1e projection operator P, L(u), F(u,u) and i(ﬁgﬂ) are all of them covariant
.th respéct to rotation and reflection. From the integral equation above
» see that the same will be true for the mapping C.
Let zl'and z, be the coefficients of v, and \2 in Pu (see (6.9)). On
1e center manifold these coefficients satisfy in a neighbourhood of the

:igin the ordinary differential equation

dz
1 *
rrate <D(u)AC(u,zlv1+22V2+c.c.) + F(u,C(u,zlv1+zzv2+c.c.)),V1>
). 10)
dz2 N
e <D(u)AC(u,z]v1+zzv2+c.c.) + F(u,C(u,z1v1+zzv2+c.c.)),v2>.

: is easy to see that this set of equations has the symmetry properties as
:ated in the formulas (2.5) and (2.7). Define
*
>

1D a() = <LV, b)) = <LG)V,,v, >

1e linear part of (6.10) is given by

Z, a(u) O 0 b(w z,
z 0 a(@ db() o0 z,

1. 12) ddt L .
z, 0 b(u)'a(u) 0 z,
2, b)) 0 0 a()/ \e,

it us denote this matrix by B(u). At p:= o B(uo) becomes the matrix
.ag (iwo,—iwo,iwo,—iwo). There exists a smooth matrix valued mapping
> T(u) which is of the same form as B(u), i.e. also covariant with respect
» rotation and reflection, such that
2 T(uo) =1
1) T(u)_]B(u)T(u) is a diagonal matrix.
:arting point in section 2 are the equations (6.10) which one obtains
‘ter applying this smooth linear coordinate transformation.
As we promised in the introduction we will give a formula for ¢ and
, in terms of the r.h.s. of (6.4). The computations are straightforward.

le Taylor series expansion of (6.10) up to order three involves the
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xpansi the center manifold up to order two. .S
f calc n in the case of a Hopf bifurcation
efine

‘0==—ng(u0) + F (uy,0)

o= %(Zin—LO)_l
= T F (s 0 (v )

= Qing L) E (),0) (v ,v,)

=1 E L (ags0) (v 5V,)

-1 -
= Ly Fuu (e @ (57,

Fuu(uO,O)(vl,vl)

6.13)

hen
= I<F (1050) (v, 3V V),V > +
27 quu o’ 12712717271
- *
6.14) <Fuu(u0,0) (V] ,a) ’V1> +
< 0 b *
Fuu(llo, )(Vls )9V1>‘
= <F_ (17,0 ( V), +
L uuu Mo’ MEAIASIEM
-— , *
<F.__ (1,,0)(v,,c),v,> +
6.15) uu 0 2 1

.
<Fuu(u0,0)(vz,d),vl> +

*
<Fuu(u0,0)(vl,e),v1>.
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